The density-dependent relativistic Hartree-Fock (DDRHF) theory is extended to include ∆-isobars for the study of dense nuclear matter and neutron stars. To this end, we solve the Rarita-Schwinger equation for spin-3/2 particle. Both the direct and exchange terms of the ∆-isobars' self-energies are evaluated in details. In comparison with the relativistic mean field theory (Hartree approximation), a weaker parameter dependence is found for DDRHF. An early appearance of ∆-isobars is recognized at ρ B ∼ 0.28fm −3 , comparable with that of hyperons. Also, we find that the ∆-isobars' softening of the equation of state is mainly due to the reduced Fock contributions from the coupling of the isoscalar mesons, while the pion contributions are negligibly small. We finally conclude that with typical parameter sets, neutron stars with ∆-isobars in their interiors could be as heavy as the two massive pulsars whose masses are precisely measured, with slightly smaller radii than normal neutron stars.
I. INTRODUCTION
Recently the early appearance of ∆-isobars in dense nuclear matter has intrigued many illuminating studies for the interest of both neutron stars (NSs) [1] [2] [3] [4] [5] [6] and heavy ion collision [7] . In particular, very compact stellar configurations [1, 2] are reached due to the introduction of ∆-isobars as required by some current radius measurements [8] [9] [10] . However, there is the ∆ puzzle [1] similar with the hyperon puzzle [11] [12] [13] that the corresponding maximum NSs' masses could not fulfill the constraint from the recent two preciselymeasured 2-solar-mass pulsars PSR J1614-2230 [14, 15] and PSR J0348+0432 [16] .
Previous studies have suggested the two-family scenario of compact stars to resolve this problem [3] , we here go beyond the previously-employed relativistic mean field (RMF) theory to include the contributions due to the exchange (Fock) terms and the pseudo-vector π-meson couplings which are effective only through exchange terms. Therefore, we employ the density-dependent relativistic Hartree-Fock (DDRHF) theory [17] to study this problem.
As one of the most advanced nuclear many-body model based on the covariant density functional theory, DDRHF presents a quantitative description of nuclear phenomena [18] [19] [20] [21] [22] [23] [24] with a similar accuracy as RMF. In DDRHF, the Lorentz covariant structure is kept in full rigor, which guarantees all well-conserved relativistic symmetries. Previously, it has been demonstrated that the isoscalar Fock terms are essential for the prediction of NS properties [18, 19] . Also, we expect that the density-dependence [20, 25] introduced in the present study for all meson couplings would make difference on the * liang@xmu.edu.cn † hujinniu@nankai.edu.cn ∆-matter study.
Besides the ∆-puzzle problem in NSs, we are also interested in how the DDRHF results depend on the uncertain ∆-meson coupling constants, since there are hardly previous studies except with RMF. Presently, there is no constraint on ∆-ρ coupling. Several constraints exist for σ , ω couplings from the quark model [26] [27] [28] , finite-density QCD sum-rule methods [29] , quantum hadrodynamics [30, 31] , and laboratory experiments [32] [33] [34] . Based on the quark counting argument [26, 27] , there are the universal couplings between nucleons, ∆-isobars with mesons, namely, x λ = g λ ∆ /g λ N = 1 (λ labels meson). A theoretical analysis [28] of M1 giant resonance and Gamow-Teller transitions in nuclei found 25 − 40% reductions of the transition strength due to the couplings to ∆ isobars, while recent experiments [32] [33] [34] bring down the quenching value to be at most 10 − 15% due to the coupling to ∆-isobars. This means that the ∆ couplings of isoscalar mesons (σ , ω) should be weaker than those of quark model prediction, namely x σ , x ω ≤ 1 are suggested by these experiments. Also, at the saturation density ρ 0 , a possible smaller ∆-isobars' vector self-energy was indicated [29] than the corresponding value for the nucleon [i.e., x ω (ρ 0 ) <∼ 1], while the ∆-isobars' scalar self-energy was difficult to predict. In the analysis of Ref. [31] in Hartree approximation, the difference between x σ and x ω was found to be x ω = x σ − 0.2. A recent study, however, concluded that the cross sections involved are not sensitive to x ω and x σ either [30] . In the present study, for the purpose of comparing with previous RMF studies [4] , we scale the density-dependence of ∆-meson coupling in a reasonable range according to previous constraints for σ , ω, ρ mesons. The π meson coupling is fixed to be x π = 1.0 hereafter.
We provide the DDRHF formula extended to include ∆-isobars in Sect. II. Our results and discussions will be given in Sect. III, before drawing conclusions in Sect. IV.
II. DDRHF MODEL WITH ∆-ISOBARS
Here we extend the DDRHF calculation to ∆-matter. The model system consists of nucleons ψ N , ∆-isobars (∆ − , ∆ 0 , ∆ + , ∆ ++ ) which are treated as a Rarita-Schwinger particle ψ α ∆ , and the effective fields of two isoscalar mesons (σ and ω) as well as two isovector mesons (π and ρ). The effective Lagrangian density can be written as three parts:
where the L 0 denotes the free Lagrangian density of baryons and mesons, L IN denotes the interaction Lagrangian density between mesons and nucleons, and L I∆ denotes the interaction Lagrangian between mesons and ∆-isobars. More physics details can be found in Ref. [17] , and we write explicitly here only the L I∆ term which is newly introduced in the present work:
where the ∆ isospin operator τ ∆ has the form of a 4 × 4 matrix. M ∆ denotes the bare ∆-isobar mass. We follow Ref. [17] and neglect the small tensor coupling of ω meson for both nucleons and ∆-isobars in our calculations. From the Lagrangian in Eq.
(1), following the standard procedure in Ref. [17] , one can derive the Hamiltonian as:
where the index λ represents each meson (λ = σ , ω, π, ρ), and a, b represent nucleon or ∆-isobar. Γ ab λ are the vertices between mesons and baryons as listed in details in Eqs. (43) (44) (45) (46) (47) (48) of Appendix A. D λ (x − x ′ ) are the propagator of each meson, respectively.
In the mean field approximation, the field operator of nucleon should satisfy the Dirac equation:
while the field operator of ∆-isobars must be described by the Rarita-Schwinger equations as spin 3/2 particle,
with the corresponding self-energies Σ N , Σ ∆ to be determined self-consistently. M N is the bare nucleon mass.
The field operators of nucleons and ∆-isobars could be expanded in the second quantization forms: are the annihilation and creation operators for the corresponding antiparticles, respectively. The no-sea approximation is adopted in this work. Then the contributions of antiparticles are neglected, and only the particle terms of the baryon field operators are reserved.
For nuclear matter, the Dirac spinor f κ (x) or RaritaSchwinger spinor f α κ (x) could be written as:
where the u(p, κ) and u α (p, κ) are the solutions of the following equations, respectively:
Here E is the single particle energy in nuclear matter. κ contains both spin s and isospin τ components. From now on, we omit for simplicity the index τ.
In consistent with the rotational invariance of the infinite nuclear matter, the baryon self-energy Σ i (i = n, p, ∆ − , ∆ 0 , ∆ + , ∆ ++ ), produced by the meson exchanges, can be written quite generally as
where Σ S , Σ 0 , Σ V are respectively the scalar, timelike and spacelike-vector components of the self-energy. Then Eq. (12) is simplified as
where the starred quantities are defined by
M * is the usual scalar effective mass of the baryon, and E * 2 = p * 2 + M * 2 . Eq. (15) has the similar form with the Dirac equation of a free particle. The positive energy solution is
where χ s is the wave function of spin. The normalization condition of Dirac spinor is chosen as
While for the ∆-isobars, u α (p, s ∆ ) can be obtained from the angular momentum coupling of spin 1 and spin 1/2 as follows:
where
is the Clebsch-Gordan coefficient and ε α (p, s 1 ) is the unit vector of spin 1 particle. Introducing the detailed values of Clebsch-Gordan coefficients in Eq. (21), one can write explicitly the wave function of ∆-isobars for all spin components:
The unit vector ε α (p, s 1 ) are determined by
The normalization condition of the Rarita-Schwinger spinor satisfies
Next we define some useful quantities aŝ
They can also be expressed by u(p, s) and u α (p, s ∆ ):
where the coefficient 1/4 in Eqs. (29) (30) ) is generated by spin 3/2. The energy density of nuclear matter will be obtained through calculating the Hamiltonian density with the HartreeFock wave function of baryons, where |0 is the physical vacuum. With this wave function, the energy density of nuclear matter could be written as:
where Ω is the volume of the system. T and V are the kinetic part and potential part of the energy density, respectively. V can be further decomposed into direct (Hartree) term V D and exchange (Fock) term V E (See details in Appendix B for the calculations of the energy density). The self-energies for nucleons/∆-isobars are obtained by differentiating V with respect to u(p, s)/u α (p, s ∆ ). The results for all self-energy components are presented in Appendix D.
For neutron star matter, there are not only baryons but also leptons (electrons and muons). They are in equilibrium under weak processes, which leads to the following relations among the involved chemical potentials:
The chemical potentials are determined by the relativistic energy-momentum relation at Fermi momentum (p = k F ),
where i = n, p, ∆ − , ∆ 0 , ∆ + , ∆ ++ and l = e, µ. Furthermore, the baryon number conservation and charge neutrality are imposed in neutron star matter as, The pressure is calculated following the thermodynamics relation as
Here Y j = ρ j /ρ B is the relative fraction of each particle species j, respectively. Once the equation of state (EoS), P(ε), is specified, the stable configurations of a NS then can be obtained from the well known hydrostatic equilibrium TOV equations as in our previous work [12, [35] [36] [37] [38] [39] [40] :
where P(r) is the pressure of the star at radius r, and m(r) is the total star mass inside a sphere of radius r (G is the gravitational constant).
III. RESULTS AND DISCUSSION
We begin this section with the sensitivity study of the uncertain ∆-meson couplings with one representative model parameter set (PKO1 [20] ). As mentioned in the introduction, the calculations are done by varying the densitydependence features of ∆ couplings with σ , ω, ρ mesons in reasonable ranges. The resulting ∆ critical densities ρ crit ∆ /ρ 0 are shown in Fig. 1 as functions of the presently-unknown x ρ in the range of 0.5 − 3.0, for three cases of (x σ , x ω ) of (0.8, 1.0), (1.0, 1.0), (1.0, 1.2). Previous calculations using RMF [4] with (x σ , x ω ) = (1.0, 1.0) are also shown for comparison. We first notice a similarly linear x ρ dependence for DDRHF and RMF, namely, the larger x ρ , the larger ρ crit ∆ /ρ 0 . However, due to remarkable adjustment of the coupling strengthes introduced by the density dependence in the present study, two main differences are present: One is an even earlier appearance of ∆-isobars, at ρ crit ∆ /ρ 0 = 1.45, to be compared with ρ crit ∆ /ρ 0 = 2.1 with RMF [4] , for the same choice of meson coupling of (x σ , x ω , x ρ ) = (1.0, 1.0, 1.0); The other is a weaker x ρ dependence, which is not subject to the modifications of x σ , x ω as one can notice from all three solid curves in Fig. 1 . The increase of x σ (x ω ) leads to an earlier/later ∆ appearance, which can be attributed to the attraction/repulsive nature of the σ (ω) coupling with ∆-isobars in the dominate Hartree contributions.
In Fig. 1 , very similar ∆ critical density is found for RMF at (x σ , x ω , x ρ ) = (1.0, 1.0, 0.5), and DDRHF at (x σ , x ω , x ρ ) = (0.8, 1.0, 0.5). Therefore, we do the following calculations mainly using one fixed meson coupling of (x σ , x ω , x ρ ) = (0.8, 1.0, 0.5) with the same representative PKO1 parameter set.
We mention here that the choice of x σ = g σ ∆ (ρ B )/g σ N (ρ B ) = 0.8 corresponds to a 20% relaxation [25] of the QCD result at ρ B = ρ 0 [29] . Fig. 2 shows the baryonic effective masses of Eq. (34) . For the study of ∆-isobar effects, the results for Neµ matter in the left panel are compared to those of N∆eµ matter in the right panel. All baryonic effective mass M * decrease with density because of the attractive σ field for nucleons and ∆-isobars. A slightly lower value for M * n than M * p in both panels is due to its larger fraction in the matter. Similarly, we can tell the merging sequence for ∆-isobars as ∆ − , ∆ 0 , ∆ + , ∆ ++ , follow- The detailed composition of N∆eµ matter is given in Fig. 3 as a function of the baryonic density. It is clear that the ∆-isobars appear in the same sequence expected in the M * study in Fig. 2 . After its early presence, ∆ − quickly replaces neutron and achieves a comparable (even higher) population with proton at high densities. It is a nature consequence of the interplay between the baryon number conservation and the charge neutrality.
The resulting EoSs are then presented in Fig. 4 . Here all four available DDRHF parameter sets (PKO1, PKO2, PKO3 [20] , and PKA1 [21] ) are employed and compared. We see that at the ∆ − threshold density around 0.28 fm −3 , the pressure curves of N∆eµ matter start to differ from (actually be softer than) those of Neµ matter. The modification of the ∆ − threshold density due to different model parameter employed is shown to be quite limited (only ≤ 5.99%). For example it is 0.2805 fm −3 , 0.2775 fm −3 , 0.2715 fm −3 , 0.2640 fm −3 for PKO1, PKO2, PKO3, PKA1, respectively. This weak-dependence feature was not observed in previous RMF calculations [5] . In particular, as shown in Fig. 2 of Ref. [5] , to substitute the parameter set from NL1 to TM1, the modification in the ∆ threshold in the nonlinear Walecka model is ∼ 37.6%; Similarly, a change from T1 to T3 for a chiral hadronic model resulted in a corresponding modification of ∼ 28.9%. In addition, we notice that in the calculations of the nonlinear Walecka model [5] , the ∆-excited matter is found to be the ground state of nuclear matter instead of normal Neµ matter, which might not be physically valid. We also mention here that a much delayed appearance of ∆-isobars (the earliest of 3.22ρ 0 for T1 parameter set) was found in the calculation of the chiral hadronic model [5] , even with an enhanced σ -meson coupling of x σ = 1.39. The last point demonstrated in Fig. 4 for DDRHF is that, with increasing density, the PKA1 (PKO3) parameter set provides as the softest (stiffest) EoS, with the PKO1 and PKO2 cases in the middle. Moreover, the weak-dependence feature continues at high densities, with the pressure only lifting ∼ 12.8% from softest PKA1 to the stiffest PKO3 at the highest density plotted here (1.0 fm −3 ).
In the following two figures, we continue to use PKO1 as the representative parameter set to discuss in details the separate contributions from various meson terms for the EoSs. The meson couplings are also fixed to be (x σ , x ω , x ρ ) = (0.8, 1.0, 0.5).
In Fig. 5 , the total pressures of both Neµ matter and N∆eµ matter are plotted together with the corresponding contributions from the Hartree terms and Fock terms. One can immediately notice that there are discontinuous in separate Hartree/Fock contributions at threshold densities of ∆-isobars, as a result of the third term in the right hand side of Eq. (40) . Both the Hartree channel and Fock channel become less repulsive once a new type of ∆-isobars appears. Also, for both two cases of with and without ∆-isobars, the total pressures are dominated by the Hartree channels, which stay repulsive at high densities. However, the Fock contribution could be decreased to be attractive at high densities (around 0.86 fm −3 ) after the presence of ∆ − and ∆ 0 . One may then conclude that the ∆ softening on the EoS is largely due to a reduced Fock contribution introduced by ∆-isobars. To further understand this point, we separate the contributions from different mesons in Fig. 6 , where the Hartree/Fock part is presented in the left/right panel. We see that the contributions from the isovector mesons (π, ρ) are much smaller than those of the isoscalar mesons (σ , ω). Also, although at ρ B = ρ 0 the ω contribution is comparable with the σ contribution, its increasing with density is more pronounced than that of the σ contribution. As a result, the pressures in both the Hartree part and the Fock part are dominated by the repulsive ω couplings to both nucleons and ∆-isobars. In the right panel for the Fock part, we can easily observe strong decreasing of the repulsive σ , ω couplings to the ∆-isobars. This is the main reason why the Fock term contributes a negative pressure at high densities in Fig. 5 . In particular, the reducing ∆-ω Fock coupling is enhanced once a new type of ∆-isobars appears. A similar conclusion has been previously found when Long et al. [18] studied the Λ-matter for the Λ-ω coupling within DDRHF.
Finally the NS structures are calculated based on the EoSs obtained in the present study. The results are shown in Fig. 7 , where the star's gravitational mass is shown as a function of the central density (the stellar radius) in the left (right) panel. All four available DDRHF parameter sets are employed and the calculations are done for three cases of ∆-meson coupling of (x σ , x ω ) = (0.8, 1.0), (1.0, 1.0), (1.0, 1.2). We see that the introducing of ∆-isobars leads to a decrease of the predicted maximum mass for NSs, as expected from adding a new degree of freedom to the system. For example at (x σ , x ω ) = (0.8, 1.0), a maximum mass of 2.50M ⊙ (2.43M ⊙ ) without ∆-isobars is lowered to 2.24M ⊙ (2.14M ⊙ ) for PKO3 (PKA1). The mass (radius) difference between PKO3 and PKA1 are 1.45% (0.10%) without ∆-isobars, 2.46% (1.34%) The results without ∆-isobars for PKO1 and PKA1 are also shown for comparisons, together with two recent massive stars: PSR J1614-2230 [14, 15] and PSR J0348+0432 [16] . The cross in the (x σ , x ω ) = (1.0, 1.2) curve is the point beyond which no physical solution is found.
with ∆-isobars, although the symmetry energy parameters differ considerably, i.e., (E sym , L) = (32.99 MeV, 83.00 MeV) for PKO3, and (E sym , L) = (36.02 MeV, 103.50 MeV) for PKA1. These weak sensitivities of star predictions on symmetry energy parameters (especially L) were demonstrated before [18] in the case without ∆-isobars. Model studies with RMF using constant meson couplings, however, show much larger sensitivities [18] . We then conclude here that the introduction of density-dependence for meson couplings could lead to concentrated results on predictions of star properties.
Moreover, the maximum mass increases/decreases with increasing x ω /x σ , as expected from the stiffened/softened EoS obtained above. To take PKO1 as an example, a maximum mass of 2.45M ⊙ without ∆-isobars is lowered to 2.37M ⊙ , 2.19M ⊙ corresponding to (x σ , x ω ) = (0.8, 1.2), (0.8, 1.0). The radius also smaller, from 12.38 km down to 12.28 km, 11.62 km, respectively. It is important to point out here that lower L values are suggested [41] [42] [43] by both nuclear experiments, chiral effective theory, and some neutron star radii. New DDRHF parameter sets should be proposed in line with them. The cross in the (x σ , x ω ) = (1.0, 1.2) curve is the point where the ∆ population is close to that of nucleons, and no physical solution is found after that point. In that case, the HF potential for spin-3/2 ∆-isobars can not be self-consistently obtained, even the in-medium ∆ effective mass is still far from zero.
IV. CONCLUSIONS
Summarizing, we have extended the DDRHF theory to include the ∆-isobars for the interest of dense matter and NSs. For this purpose, we solve the Rarita-Schwinger equation for spin-3/2 particle with the ∆ self-energy determined selfconsistently. Four mesons (the isoscalar σ and ω as well as isovector ρ and π) are included for producing interaction between the baryons. All four available parameter sets (PKO1, PKO2, PKO3, PKA1) are employed to explore the model utilization. Also, the calculations are done with various choices of the uncertain meson-∆ couplings following the constrains reported in the various analysis of experimental data.
We found that ∆-isobars appear early in the nuclear matter, soften the EoS of NS matter, and reduce the NSs' maximum mass. We observed a controlled behaviour of the results, with respect to the change of the model parameter set and different meson-∆ couplings. In particular, the ∆ softening of the EoS is due to the large decrease in Fock channel, mainly from the isoscalar mesons. On the other hand, the pion contributions are found to be negligibly small. Finally, we conclude that within DDRHF, a NS with ∆-isobars in its core can be as heavy as the two recent massive stars whose masses are accurately measured, with a slightly smaller radius than the corresponding normal NSs.
V. ACKNOWLEDGMENTS
This work was supported by the National Natural Science Foundation of China (Grants Nos. 11405090 and U1431107).
VI. APPENDIX A
The vertices Γ ab λ (1, 2) between mesons and baryons are:
where a, b denote nucleon or ∆-isobars.
VII. APPENDIX B
Here we calculate the energy density of the system. we first write the Hamiltonian density H (Eq. (3)) in terms of u(p, κ) and u α (p, κ), with the corresponding kinetic energy term T and the potential term V as 
With Hartree-Fock wave function in Eq. (31), the kinetic term is calculated as:
The potential term can be decomposed into the direct term V D and the exchange term V D , respectively. For the direct potential term:
, where, the densities of nucleon and ∆-isobars are defined as
The calculation of exchange contribution from nucleons and ∆-isobars can be changed into trace calculations as
Here D N (p, τ) is the propagator of nucleons:
and S αβ ∆ (p, τ) is the propagator of ∆-isobars:
The nucleonic exchange terms of Eq. (58) for symmetric nuclear matter were calculated in Ref. [17] . We write the formula here for asymmetric nuclear matter (k, l denote neutron or proton):
whereP( p ) ≡P,P(p ′ ) ≡P ′ are used in order to shorten the notation. The matrix element Ω λ kl is related to the isospin part and will be evaluated in Appendix C. Functions A λ , B λ ,C λ , D for λ = σ , ω, π, ρ V , ρ T , ρ TV are shown in Table I . The functions in Table I While for isovector mesons (ρ, π), the isospin part in the exchange contributions of Eqs. (58-59) could be written as:
where χ i is the isospin wave functions of baryon. The isospin matrices for nucleons are the usual Pauli matrix. Then the matrix element Ω kl for nucleons can be evaluated (shown in Table IV ).
The isospin matrices for ∆-isobar are given as: 
Then the matrix element Ω i j for ∆-isobars can be evaluated (shown in Table V) .
IX. APPENDIX D
The components of self-energy for nucleons are given as (here k, l denote neutron or proton): For ∆-isosbars, the three components are given as (here i, j = ∆ − , ∆ 0 , ∆ + , ∆ ++ and λ = σ , ω, ρ, π):
